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$\min_{X\in \mathrm{R}^{n}}||b-Ax||_{2}$ (1)





$A$ , $m\mathrm{x}n$ $Q$ (QTQ=I , $n\mathrm{x}n$ $R$ $A=QR$
. , Householder , Gram-Schmidt , Givens .
, (2) $R^{\mathrm{T}}Rx=R^{\mathrm{r}}rQ^{\mathrm{T}}b$ . , rankA $=n$ $R$ ,
$Rx=Q^{\mathrm{T}}b$ , (1) $x$ .
, , [1] .
3
, .
(2) $A^{\mathrm{T}}A$ , rankA $=n$ ,
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$\ovalbox{\tt\small REJECT}+l=\tilde{r}$ i+l+\beta i
end
, $A^{\mathrm{T}}A$ $A$ , CGLS
. , .
, $A^{\mathrm{T}}A$ . ,
[14], $\mathrm{Q}\mathrm{R}$ $[13, 15]$ , Givens [2],
[3] .
$\mathrm{Q}\mathrm{R}$ Jennings Gram-Schmidt
(IMGS) [13] , , $A=[a_{1}, \ldots,a_{n}],$ $a_{i}^{(1\rangle}=a_{i}(i=1, \ldots,n),$ $\tau$ \nearrow
.
for $\mathrm{i}=1,2,$ $\ldots,$ $n$
$r_{ii}=||a_{i}^{(i)}||_{2}$ , $q_{i}= \frac{a_{i}^{(i)}}{r_{ii}}$
for $j=\mathrm{i}+1,$ $\ldots,n$
$r_{\tilde{\iota}\mathrm{i}}=q_{i}^{\mathrm{T}}a_{j}^{(i\rangle}$




, Saad Gram-Schmidt(IMGS) [15]
$\{_{\sqrt}\mathrm{a}$ .
, $p_{Q}$ ,p .
11 $\mathrm{B}$
for $\mathrm{i}=1,2,$ $\ldots,$ $n$
$r_{ii}=||a_{i}^{(i)}||_{2}$ , $q_{i}= \frac{a_{i}^{(i)}}{r_{ii}}$
Determine the $p_{Q}$ largest elements of $q_{i}$ and assign 0 to the other elements.
for $j=\mathrm{i}+1,$ $\ldots,$ $n$
$r_{ij}=q_{i}^{\mathrm{T}}a_{j}^{(i)}$





$A\text{ }=\tilde{b}$ , (3)
,
$\tilde{A}=R^{-\mathrm{T}}A^{\mathrm{T}}AR^{-1}$ , $\tilde{x}=Rx$ , $\tilde{b}=R^{-\mathrm{T}}A^{\mathrm{T}}b$ ,








[7, 8, 9, 10, 11, 12].
5 GMRES






















, i $=(h_{pq})\in \mathrm{R}^{(i+1)\mathrm{x}i}$ , $e_{i}=(1,0, \ldots, 0)^{\mathrm{T}}\in \mathrm{R}^{i+1}$ .
$h_{i+1,i}=0$ , .
$l\mathrm{h}^{*}$,
$A\in \mathrm{R}^{N\mathrm{x}N}$ GMRES $N$
$Aoe=b$ [16].
GMRES (1) , $A$ $m\mathrm{x}n$ ,
x $r_{0}=b$ -Ax $m$ , $r_{0}$ l $A$
Krylov . , $n\mathrm{x}m$ $B$
.
5.1 1
Zhang [17, 18, 19] $A$ $B$ $m\mathrm{x}m$ FIJ
AB , $m$ Krylov $\langle r_{0}, ABr_{0}, \ldots, (AB)^{i-1}r_{0}\rangle$
$\mathrm{l}_{\mathit{1}}\mathrm{a}$
.
, $M$ $\mathcal{R}(M)$ $M$ , $N(M)$ $M$ ,
$V$ (
$V^{[perp]}$ $V$ .









$\{Ax|x\in \mathcal{R}(A^{\prime \mathrm{r}})\}=\{Aoe|x\in \mathcal{R}(B)\}$
$\Uparrow$
$\mathcal{R}\langle A^{\mathrm{T}})=\mathcal{R}(B)$ .
2 $\mathcal{R}(A^{T})=\mathcal{R}(B)\Rightarrow\min_{X\in \mathrm{R}^{n}}||b-Aoe||_{2}=\min_{Z\in \mathrm{R}^{m}}||b-ABz||_{2}$ .
, rankA $=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}B=n$ $\mathcal{R}(A^{\mathrm{T}})=\mathcal{R}(B)$ .
$\mathcal{R}(A^{\mathrm{T}})=\mathcal{R}(B)$ , 1 $\mathcal{R}(A)=\mathcal{R}(AB)$ ,










for $\mathrm{i}=1,2,$ $\ldots,$ $k$ until convergence






Find $y_{i}\in \mathrm{R}^{i}$ which minimizes $||r_{i}||_{2}=||||r_{0}||_{2}e_{i}-\overline{H}_{i}y||_{2}$
end





($k=\infty$ ) GMRES-LS 1 . GMRES-LS 1
(1) .
, $[4, 6]$ .
3 $\overline{A}\in \mathrm{R}^{m\mathrm{x}m}$ .








$ABz=0\Leftrightarrow B^{\mathrm{T}}A^{\mathrm{T}}z=0$ $\forall_{z\in \mathrm{R}^{m}}$
I







$Bz\in N(A)\cap N(A)^{[perp]}=\{0\}\Leftrightarrow A^{\mathrm{T}}z\in N(B^{\mathrm{T}})\cap N(B^{\mathrm{T}})^{[perp]}=\{0\}$
$\forall_{z\in \mathrm{R}^{m}}$
$\mathfrak{n}$







, 3 $\tilde{A}=AB$ , 4 , .
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5 $\mathcal{R}(B)=\mathcal{R}(A^{T})$ .
GMRES-LS 1 $b\in \mathrm{R}^{m}$ $X_{0}\in \mathrm{R}^{n}$ $\min||b-Ax||_{2}$
$X\in \mathrm{R}^{n}$
$\mathcal{R}(B^{T})=\mathcal{R}(A)$ .
, $\mathcal{R}(B^{\mathrm{T}})=\mathcal{R}(A)$ , $B$ $C$
$B=CA^{\mathrm{T}}$ (4)
.
, Calvetti [5] GMRES ,
$A$ 0 $m-n$ $\tilde{A}=[A, 0]$ , GMRES
$\min_{Z\in \mathrm{R}^{m}}||b-\tilde{A}z||_{2}(=\min_{X\in \mathrm{R}^{n}}||b-Ax||_{2})$
.
, GMRES-LS 1 $B=[\mathrm{I}_{n}, 0],\tilde{A}=AB$
, , $\mathrm{I}_{n}$ $n\mathrm{x}n$ .




$r_{0}\in \mathrm{R}^{m}$ $\tilde{r}_{0}=Br_{0}\in \mathrm{R}^{n}$ , $n$ Krylov





for $\mathrm{i}=1,2,$ $\ldots,$ $k$ until convergence




Find $y_{i}\in \mathrm{R}^{i}$ which minimizes $||r_{\acute{l}}||_{2}=||||\tilde{r}_{0}||_{2}e_{i}$ $\overline{H}_{i}y||_{2}$
end





GMRES(k) . $BA$ $n\mathrm{x}n$ , $n\leq m$ ,
1 2 .
,














$\langle b_{1}, \ldots,b_{n}\rangle[perp] r^{*}$ , $B^{\mathrm{T}}=[b_{1}, \ldots,b_{n}]$ .
,
$\langle a_{1}, \ldots, a_{n}\rangle[perp] r^{*}$ $\Leftarrow\Rightarrow$ $\langle b_{1}, \ldots, b_{n}\rangle[perp] r^{*}$
$\phi$





$\mathcal{R}(B^{\mathrm{T}})=\mathcal{R}(A)$ , , $B$ $BA\approx \mathrm{I}_{n}$
.
Zhang [19] $C=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(A^{\mathrm{T}}A)\}^{-1},$ $B=CA^{\mathrm{T}}$ , CR-LS(k)
. $a_{i}\neq 0(\mathrm{i}=1, \ldots n)$ $C$ , . , $\mathcal{R}(B^{\mathrm{T}})=$




. , $Q\in \mathrm{R}^{m\mathrm{x}n}$ l , $R\in \mathrm{R}^{n\mathrm{x}n}$ , $E$
.
$R$ (3) $\mathrm{C}\mathrm{G}$ , $B=R^{-1}Q^{\mathrm{T}}$
, GMRES(k)-LS 1,2 .
GMRES(k)-LS 2 , $R^{-1}Q^{\mathrm{T}}Aoe=R^{-1}Q^{\mathrm{T}}b$ GMRES(k)
. $R^{-1}Q^{\mathrm{T}}A$ CGLS (3) $\tilde{A}=R^{-\mathrm{T}}A^{\mathrm{T}}AR^{-1}$
.
6.2 IMGS(l)
$\mathrm{Q}\mathrm{R}$ , Gram-Schmidt [1] $Q$
$l$ , IMGS(I) .
$a_{i}^{(1\rangle}=a_{i}$ $(i=1, \ldots, n)$
for $\mathrm{i}=1,2,$ $\ldots,$ $n$
$r_{ii}=||a_{i}^{(i)}||_{2}$ , $q_{i}= \frac{a_{i}^{(i)}}{r_{ii}}$





, $q_{i}$ $a_{1},$ $\ldots,$ $a_{n}$ , $\langle q_{1}, \ldots, q_{n}\rangle$ $=$
$\langle a_{1}, \ldots, a_{n}\rangle$ , $\tilde{C}$ , $Q=A\tilde{C}$ .
123
, $Q^{\mathrm{T}}=\tilde{C}^{\mathrm{T}}A^{\mathrm{T}}$ .
, $r_{ii}\neq 0$ $(\mathrm{i}=1, \ldots, n)$ , $R=(r_{ij})$ ,
, $C$ , $B=R^{-1}Q^{\mathrm{T}}=R^{-1}\tilde{C}^{\mathrm{T}}A^{\mathrm{T}}=CA^{\mathrm{T}}$ .
, IMGS(I) 5,6 $\mathcal{R}(B^{\mathrm{T}})=\mathcal{R}(A)$ .
, .
7IMGS(0) $B=\{d\iota ag(|A^{T}A)\}^{-1}A^{T}$ .
[ ] IMGS(O)
for $\mathrm{i}=1,2,$ $\ldots,$ $n$
$r_{ii}=||a_{i}||_{2}$ , $q_{i}= \frac{a_{i}}{r_{ii}}$
end
,
$R=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(||a_{1}||_{2}, \ldots, ||a_{n}||_{2})$ , $Q=[a_{1}/||a_{1}||_{2}, \ldots, a_{n}/||a_{n}||_{2}]$
,
$B=R^{-1}Q^{\mathrm{T}}=\ovalbox{\tt\small REJECT} a_{n}^{\mathrm{T}}/||.a_{n}||_{2}^{2}\ovalbox{\tt\small REJECT} a_{1}^{\mathrm{T}}/||..a_{1}||_{2}^{2}$
,
diag$(A^{\mathrm{T}}A)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(||a_{1}||_{2}^{2}, \ldots : ||a_{n}||_{2}^{2})$
,






$A\in \mathrm{R}^{m\mathrm{x}n}$ , $(m\geq n)$
124
, MATLAB sprandn .
( ) , ,
.
MATLAB 6 , NEC $\mathrm{P}\mathrm{C}$( $1.66\mathrm{G}\mathrm{H}\mathrm{z},$ $736\mathrm{M}\mathrm{B}$ RAM)
.
$m=10,000,$ $n=1,000$ , 1.5% , 1
.
1:
Name $\not\in(\not\simeq\backslash \ovalbox{\tt\small REJECT}$
RANDLI 6 $\mathrm{x}$ $10^{1}$
RANDL2 4 $\mathrm{x}$ $10^{2}$
RANDL3 $3\cross 10^{3}$
RANDL4 3 $\mathrm{x}$ $10^{4}$
RANDL5 2 $\mathrm{x}$ $10^{5}$
RANDL6 2 $\mathrm{x}$ $10^{6}$
RANDL7 2 $\mathrm{x}$ $10^{7}$
1 $A$ , $x^{*}=(1, \ldots, 1)^{\mathrm{T}}$ , b=A , $||b-Ax||_{2}$
(1)$-(5)$ , $||oe-x^{*}||_{2}/||oe^{*}||_{2}<10^{-6}$
( ) . , $oeo=0$
.
(1) CGLS : $A^{\mathrm{T}}Ax=A^{\mathrm{T}}b$ $\mathrm{C}\mathrm{G}$ .
(2) Jennings [13] IMGS CGLS
.
(3) IMGS(I) CGLS .
(4) IMGS(/) $B=R^{-1}Q^{\mathrm{T}}$ , GMRES(k)-LS 1 .
(5) IMGS(I) $B=R^{-1}Q^{\mathrm{T}}$ , GMRES(k)-LS 2 .
, Jennings IMGS $\text{ }$
.
$\tau=1$ (
) ( ) , $\tau=0.1$
. Saad[15] IMGS , Jennings .
, IMGS(I) l=O( ,
$B=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(A^{\mathrm{T}}A)^{-1}A^{\mathrm{T}})$ $l=0$ .
, GMRES(k)-LS 2 , $\mathrm{k}$ , 2
.
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2: GMRES(k)-LS 2 $k$
2 , $\mathrm{k}$ , iter, time





, 1, 2 RANDLI, RANDL6 $\mathrm{v}\mathrm{s}$ .
.
1: $\mathrm{v}\mathrm{s}$ . (RANDLI) 2: $\mathrm{v}\mathrm{s}$ . (RANDL6)






(1) CGLS (3) $\mathrm{I}\mathrm{M}\mathrm{G}\mathrm{S}(0^{\cdot})$
CGLS . (2) $\mathrm{J}\mathrm{e}\mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{s}$ IMGS CGLS
, . , .
10 RAND L6, L7 , (1) CGLS ,
, (5) $\mathrm{I}\mathrm{M}\mathrm{G}\mathrm{S}(0)$ GMRES-LS 2
. (5) (3) $\mathrm{I}\mathrm{M}\mathrm{G}\mathrm{S}(0)$ CGLS ,
, GMRES $R^{-1}Q^{\mathrm{T}}A$ $\mathrm{C}\mathrm{G}$ $R^{-1}A^{\mathrm{T}}AR^{-1}$
. , GMRES Gram-Schmidt
, $\mathrm{C}\mathrm{G}$ , GMRES
$\mathrm{C}\mathrm{G}$ .
(5) $\mathrm{G}\mathrm{M}\mathrm{R}\mathrm{E}\mathrm{S}-\mathrm{L}\mathrm{S}$ 2 (4) $\mathrm{G}\mathrm{M}\mathrm{R}\mathrm{E}\mathrm{S}- \mathrm{L}\mathrm{S}$ 1 ,
, 2 $n\mathrm{x}n$ $BA$ Krylov
, 1 $m\mathrm{x}m$ AB Krylov ,




GMRES , $m\mathrm{x}n$ $A$ ,
$n\mathrm{x}m$ $B$ , $ABz=b$ GMRES 1 , $BAoe=Bb$
GMRES 2 .
, $B$




, , , Yimin Wei
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